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ABSTRACT 

In this Letter I present an alternative solution of the path integral for the radial Coulomb 
problem which is based on a two-dimensional singular version of the Levi-Civita transfor- 
mation. 



Ever since the development of the path integral by Feynman it has been challenge 
to calculate the propagator for the Coulomb potential. Due to Feynman himself were 
the evaluation of the path integral for the free particle and the harmonic oscillator, 
both belonging to a larger class of path integrals which are called Gaussian Path In- 
tegrals because they are based on the general quadratic Lagrangian. Nowadays more 
path integrals which go beyond the Gaussian form are known. They are the path 
integral solutions related to the radial harmonic oscillator 0, also called Besselian 
Path Integral, and the path integral solutions related to the Poschl-Teller and mod- 
ified Poschl- Teller potential 0, also called Legendrian Path Integrals. These Basic 
Path Integrals are the building blocks for a comprehensive Table of Path Integrals 

Si- 

Since the path integral solutions of the one-dimensional and radial harmonic os- 
cillator were known for a long time, it was a challenge to evaluate the path integral 
for the Coulomb potential, one of the most important physical system in quan- 
tum mechanics. In 1979 Duru and Kleinert succeeded in its calculation by 
means of a transformation known from astronomy and now called space-time 
transformation, "Duru-Kleinert" transformation, time substitution, etc. 0-||2^. Q 



In this contribution I would like to present an alternative evaluation of the radial 
path integral of the Coulomb problem which is based on a singular version of the 
Levi-Civita transformation, which can be seen as a two-dimensional version of the 
Kustaanheimo-Stiefel transformation P|, as it has been used for the two-dimensional 
Coulomb problem [0, ^|. Let us consider the path integral for the Coulomb problem 



(C) in radial coordinates in three dimensions, where the propagator in IR^ has been 
separated according to 

if^(x",x';T) = E E Kfir",r';T)Yri^',^')Yrir,^") , (1) 

n=-l 

and / is the usual angular momentum number, therefore 

r{t")=r' 



r r J \ h Jt' 



r(t')=r' 

Similarly as in |0 I insert a factor "one" (e = T/N): 



—r^ H r ^ ^ 



2mr^ 



dt\ . (2) 



m f , ( m{y"-y'^'^ 
ay exp 



2mhT Jtr V 2ihT 

( m \N/2N~1 



^Actually, the approach of Duru and Kleinert goes back to an idea by A.Barut presented in an 
informal seminal talk in Trieste 1978. 

The Kustaanheimo-Stiefel transformation is in fact a special case of the Hurwitz transformation 
which works in the dimensions 1,2,4,8. 
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We obtain for the path integral (0) in the usual way 



r{t")=r" 



y{t")=y" 



K?{r"y-T) 



r r JiR 



dy" 



Vr{t) 



r(t')=r' 



y(t')=y' 



X exp < - 
\hJt 



m 



, /([+!) 
2mr2 



dt 



(4) 



I now consider in the mapping 
A(u) = 



Ml U2 
-U2 Ui 



U 



Ml 
U2 



G IR' 



(5) 



A{x\) has the properties 



A{m) ■ u 







A\u)-A{m) = {ul + ul)l= \u\H 



(6) 



Therefore A : IR^ 1— > IR^. Hence A is not one-to-one, and it is not allowed to use the 
transformation A in the path integral in a naive way. Instead, following , we 
must define it on midpoint coordinates in the following way {i = 1,2; j = 1, . . . , N): 



Arj = 2{uij Auij + U2,j Au2 

AUj = 2{—U2J Auij + Mij Au2j] 



u 



Am, 



2 (^*>i ~^ 

~ ^i.j ^j.i— 1) • 



(7) 



We then have {Ar-jf + (Ayj)^ = A(vijY{AvijY and A*(uj) ■ A(uj) = (a^O^ll. The Jo- 
cobian J(u) of the transformation v4*(uj) for all j = 1, . . . , reads J(uj) = 4(uj)^, 
and we define fj = (uj)^ for all j. Taking into account this midpoint definition in 
the path integral (^) we obtain by performing the transformation r 1— u be means 
of A{u,) 

N 



Kf{r"y;T) = -^ [ dy" hm (^) [ (u,)' dn, . . . [ (n^ du^ 
"i /2m 2. A \2 enH{l + l 



X exp 



2m{uj) (uj_i) 



(8) 



Here, AV{uj) must be determined via EH] 



AV{u, 



8m V 



9 dupXf d duc 



dua du^J \duf3 du^i 



u=uj 8m (uj) 



(9) 



I perform a time-substitution on midpoints according to Sj — Sj_i = Asj = e/4(uj)^ 
and obtain 

T)= f ^e--^^^I^Gf{r":r,E) , (10) 



2 



with the energy-dependent Green functions Gf\r",' r; E) given by 



u(s")=u" 



T>u{s) exp 



u(0)=u' 



m 



hJo \2 



(2/ + 1) 
2m|uh 



\ds 



'11] 



The path integral (|TT]) is the path integral of a radial harmonic oscillator in IR^. We 
introduce polar coordinates 



a 



Ui = V cos ^ 



U2 = V sm 



a 



< a < 47r , f = lul 



;i2) 



1 ' 



use the expansion of plane waves into circular waves in terms of modified Bessel 
functions 



(13) 



and the asymptotic expansion [ITUl I2C 



z\ (e^o) r~e 



Itiz 



exp - 



z z/2-1/4 



Iz 



(14) 



and obtain after an a-angular integration over 47r (^we set uj = y—E/2m 



2 roo e'^^'*"/'^s" 



t)(s")=f" 

X y Vv{s) exp 

t)(0)=t)' 



; (2/ + 1)2 -1/4' 



— a; f ) — h 2 
ft JO \ 2 2mf 



ds 



— , ~ — 77 exp 

yv'v" ihsmujs 

1 1 r^fTVil + l- K 



[V +V ) cot US 



hi+i T—. 



mujv V 



ihsmus 
r 



hr'r"\ 2E (2/ + 1)! '^•'+2 hj '^•'+2 V hj ^ ^ 

Here, use has been made of the well-known path integral identity for the radial 
harmonic oscillator P], 



r{t")=r" 



T>r{t) exp 



r{t')=r' 



h Jt 



m 



(■2 2 2\ 

[r — UJ r 1 



,A2-l/4 



y/r'r" exp 

iftsinwT 



r +r cotcuT 

2ift ^ ' 



2mr^ 
h 



dt 



(^). (16) 
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the integral representation 



24 



Veto / s\ 



X exp ^ — -(a + 6) coshs^/2;^(v^ sinhs) , (17) 



and I have used the usual abbreviation k = (e^/h)\J—m/2E. denotes the 
greater /lesser of r',r". From the poles of the Green function Gf{E) we immedi- 
ately derive the Coulomb bound state spectrum 
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Ih [n + L + 1) 

The bound state wave-functions are obtained in the usual way by considering the 
residua in (|l5l), and the scattering states are obtained by an analysis of the cuts of 
Gf{E). 

I have therefore obtained the radial Coulomb Green function by an alterna- 
tive method by using a singular version of the Levi-Civita transformation. The 
usual Levi-Civita transformation ^ can be used in the evaluation of the two- 
dimensional Coulomb path integral. Actually, the Levi-Civita transformation maps 
IR^ I— > IR^: X = — ?7^, y = 2^?7, and the coordinates ^,77 correspond to parabohc 
coordinates in IR^ in which the Coulomb problem is also separable, e.g. [|I^ for an 
extensive discussion. For the singular Kustaanheimo-Stiefel transformation in the 
case of the three-dimensional Coulomb potential, the resemblance to parabolic co- 
ordinates can also be recognised, and in the present well; however, in both 
cases we must integrate over an additional variable. In all cases we encounter a 
path integral for a (radial) harmonic oscillator. Whereas in the three-dimensional 
Coulomb potential the non- uniqueness of the transformation appears quite natu- 
rally and leads to an isotropic harmonic oscillator in IR^, the transformation (|^ 
looks somewhat circumstantial, because the one- dimensional transformation r = v? 
{u > 0) also does the job in a much simpler way |]2S|. The virtue of (|^ lies in the 



fact that it demonstrates once again the importance of the Kustaanheimo-Stiefel 
transformation, it points out that singular transformations also work in the path 
integral, and that it emphasizes a singular transformation may be in other cases the 
only means which work. 
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